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Abstract. Let A be a smooth separated geometrically connected 
variety over F 9 and / : Y —> X a smooth projective morphism. We 
compare the invariant dimensions of the Uadic representation Vg 
and the F^-representation Vg of the geometric etale fundamental 
group of X arising from the sheaves R w f* Qg and R w f*Z/tZ re¬ 
spectively. These invariant dimension data is used to deduce a 
maximality result of the geometric monodromy action on Vg when¬ 
ever Vg is semisimple and t is sufficiently large. We also provide 
examples for Vg to be semisimple for i 0. 


1. Introduction 

Consider a smooth projective F q -morphism / : Y —> X, where X is a 
smooth separated geometrically connected F g -variety. Fix a geometric 
point Xq : Spec(F q ) —* X. For any prime £ \ q and integer w, J^ := 
R w f*Qe is a lisse, pure of weight w, Q^-sheaf on X ( De80j inducing an £- 
adic representation of the etale fundamental group nf (A) := nf(X, x 0 ) 
on the stalk &g M = H w (Y So , Q e ) =: V e , 

(1) : < (X) -> GL(Vf); 

&g := R w ftfh/0.T, is a locally constant sheaf on X inducing an F^- 
representation on the stalk J^ )So = H w (Y So ,Z/£Z) =: Vg, 

(2) <fg : 7Tf (A) GL (Vg). 

The geometric etale fundamental group of X, nf(Xf) := nf(Xf q ,x 0 ), 
is a normal subgroup of Txf(X) satisfying the exact sequence 

(3) 1 -y <(XfJ vrf (A) Gal(F g /F g ) 1 
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so that any x G A(F 9 ) induces a splitting i x of (jSJ). The monodromy 
group Te (resp. f^) and the geometric monodromy group Tf eo (resp. 
ff°) are defined to be the images of nf (X) and 7rf(Xf ) respectively 
in GL(V^) (resp. GL(V^)); their Zariski closures in GLy^, denoted re¬ 
spectively by Ge and Gf 30 , are called the algebraic monodromy group 
and the algebraic geometric monodromy group of 

Since Gal(F 9 /F 9 ) = Z is abelian, the geometric monodromy groups 
Tf° and Gf 30 are of particular interest by (J3]) . Deligne has proved that 
the identity component of Gf 30 is a semisimple subgroup of GLy^, [ De80l 
Cor. 1.3.9, Thm. 3.4.1 (iii)] - Determining Tf 30 (or Tf 30 ) and Gf eo for 
families of curves (elliptic | Ha08] ; hyperelliptic [La90s] . | Yu96j . [ AP07I ; 
trielliptic |AP0Tj ) is of independent interest and also has applications to 
the arithmetic of function fields (see [Yu96| . [Ac06j ) and arithmetic ge¬ 
ometry (see |Ch97j . [Ko06al iKoObbl IKoOM IKo08j ) over function helds. 
A crucial point is that for all sufficiently large £, the geometric mon¬ 
odromy r| eo is a large compact subgroup of G]f 0 (<Qk). The motivation 
of this paper is to investigate the following large geometric monodromy 
conjecture. Let n : G| c —» Gf co be the natural morphism such that G^ c 
is the universal cover of the identity component of Gf eo . 


Conjecture 1. Let <&e be the i-adic representation defined in W- Then 
7T _1 (r® eo ) is a hyperspecial maximal compact subgroup of G s fi(Qe) when¬ 
ever £ is sufficiently large. 


Let us make a detour to the characteristic zero case. Suppose / : 
Y —» A" is not defined over F g , but over a subheld K of C. Denote 
the wt\i Betti cohomology H w (Y xo (C), Q) by V, which is acted on by 
the topological fundamental group 7 Tl(A(C)). Since the geometric rep¬ 
resentation : Trf(X^) —>■ GL(V^) is arising from $ : 7 Ti(A(C)) —>■ 
GL(V) by the comparison theorem between Betti and etale cohomolo¬ 
gies |SGA11 XII]. |SGA41 XVI] and the identity component of algebraic 
monodromy group of <3> is semisimple over Q |De71l Cor. 4.2.9], the 
geometric monodromy T| eo is large in Gf eo (Q£) for l 0, thanks 
to [MVW84] . On the other hand, Trf(X) satishes ([3]) with F q re¬ 
placed with K. Since Gal (K/K) is non-abclian, the monodromy groups 
T^ C G £ ((Qk) are complicated and carry a lot of arithmetic information. 
If K is a number held and A" = Spec(/l), then $£ is a Galois repre¬ 
sentation of K arising from the smooth projective variety Y/K and 
the largeness of T^ in G^(Q^) for £ 0 follows from the remarkable 

conjectures of Hodge, Grothendieck, Tate, Mumford-Tate, and Serre 
[Se94L §11], see also |!HL15al §5]. The prototypical result in this direc¬ 
tion is due to Serre |Se72j . which states that for any non-CM elliptic 
curve Y, the monodromy T^ on H 1 is GL 2 (Z£) for all sufficiently large 
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£, see also [KTffillRl85] .rSe85j.[R CTKnalIBGKOfiliBGKTTl] . [HaTT] for cer¬ 
tain abelian varieties; |HL15bj for arbitrary abelian varieties; [Se98 j for 
abelian representations; |HL14j for type A representations; and partial 
results |La95aj . |Hul4] for arbitrary varieties. To get large Galois mon- 
odrorny, one always needs handles on the invariants of Vg and Vg. For 
example when Y is an abelian variety and w = 1, Faltings has proved 
that the Galois invariants of Vi ® V/ and Vg <g) Vf depend essentially on 
the endomorphism ring End(Y^) if £ is sufficiently large | Fa83j . [FW84j 
(the Tate conjecture). Since the Tate conjecture remains largely open, 
large Galois monodromy is presumably difficult. 

Back to our setting / : Y — > X over ¥ q , the main idea of this paper 
is that there is a cohomological way, without resorting to the Tate 
conjecture, to compare the geometric invariant dimensions of V® m and 
V®m f or sufficiently large £ and sufficiently many m. 


Theorem 2. For any m eN, if £ is sufficiently large, then 


dim ¥e (V® m y 


‘(A'fJ _ 


=dim Qe (vrr 




This is accomplished in §2 firs t assuming X is a curve by etale co¬ 
homology theory [SGA41 SGA44. [SGA5] . jMi80] . |FK87] . |Full] and the 
remarkable theorems of Deligne |De74bl lDe80j . Gabber |Ga83] . and de 
Jong [dJ96| . the general case then follows from that by space filling 
curves [Ka99 ] and A independence of Gg [Ch04j . 


Theorem 3. If fg is semisimple for all sufficiently large £, then Con¬ 
jecture |7| holds. 


Theorem 3 is proved in §3 by a recent result of Cadoret and Tarna- 
gawa on ff eo [CT15j . the group theoretic techniques we employed and 
developed in [HL14j , and exploiting the invariant dimension data (The¬ 
orem 2 and Corollary 12.31) . The F^-semisimplicity hypothesis of The¬ 
orem 3 holds if X is a curve and the fibers of / are curves or abelian 
varieties [ Za74al Za74b j. It is suggestive that the hypothesis holds 
in general because the invariant dimensions of rf eo and rf eo are alike 
(Theorem 2) and r® eo is semisimple on Vg. Nevertheless, we provide in 
§4 some examples for the hypothesis to hold. 


2. Invariant dimensions 

The notation in §1 remains in force. Embed Z[-\ into Zg with unique 
maximal ideal irp. The common dimension of Vg for all £ (not dividing 
q) is also equal to the common dimension of Vg for all sufficiently large 
£ [ Ga83j . Then whenever dim^ Vg = dim^ Vg, one obtains 

dim^t^T^*^ > diniQ^ ( V® m )^ (Xf « } 


( 4 ) 
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for any rn £ N by identifying rf eo as a subgroup of GL (H 2 (Y So ,Zg)), 
the reduction map GL(H l (Y So , Zg)) —>■ GL(W), and Lemma [2711 

Lemma 2.1. Let F be a characteristic 0 non-Archimedean local field 
with ffp the ring of integers. Let M be a free &p-module of finite rank. 
If W is an F -subspace of M F , then WDM is a direct summand 

of M. 

Proof. Since Gp is a PID and Gp/I is finite for any non-zero ideal 
/, the finitely generated module M/W D M is a direct sum of a free 
submodule and a torsion submodule. If x G M maps to a torsion 
element in M/W D M, then k ■ x € W D M for some k 6 N. This 
implies x G W because F is of characteristic 0. Hence, M/W DM is 
free and W D M is a direct summand of M. □ 


Let d be the dimension of X. Since X is smooth, AFg is lisse, and 
is locally constant, we obtain perfect pairings by Poincare duality 
[Mi80l VI Thm. 11.1] which is compatible with the action of geometric 
Frobenius Fr g : 

H\X fq ,&) x H 2 c d ~\X fq ^fi) -A Q t (-d); 

HfiX fq ^ e ) x Hl d ~\X fq ^fi) -A F e (-d). 

The geometric invariants admit the following descriptions: 

71 

V. 


(5) 


F„) 


i =H\X fq ,J?g); 

<(*iJ 


( 6 ) 

Without loss of generality, assume x 0 is an F^-rational point of X that 
induces a splitting of (J3J). Then the multiset A' of the Fr^-eigenvalues 
on Vg := H w (Yx 0 ,Q e ) are independent of I jDe74b| and pure of weight 
w DeSO . It follows that the eigenvalues on H°(Xf q , JFg) belong to 
those on Vg by the splitting and (JHJ). One also sees by the same token 
that the eigenvalues on H°(Xf , iXf) belong to the reduction modulo 
of the eigenvalues on Vg whenever dim F<! Vg = dirriQ^ Vg. Dehne A to 
be the following multiset: 

(7) A := { q d a~ 1 : a G A!}. 

We conclude by (J5]) and above that the numbers in A are pure of weight 
2 d — w, the eigenvalues of H/ d (X g. , J^ v ) is a sub-multiset of A, and the 
eigenvalues of H/ d (Xf , is a sub-multiset of the reduction modulo 
of A for I 0. 

Theorem 2. For any m gN, if I is sufficiently large, then 


dim F ,(V?™) 


d‘(.v. ) _ 


= din^Vf") 
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Proof. Step I. Assume X is a (geometrically connected) curve, i.e., 
d — 1. If U is an affine open subscheme of X containing x 0 > then 
7T f(U) surjects onto nf(X) |Fulll Prop. 3.3.4(i)] and we obtain a 
commutative diagram: 


<(U) -- GL(V e ) 

(8) J 

< (X) -- GL(Vf) 


Hence, we may further assume X is an affine curve. 

Step II. Let e > 0 be the relative dimension of / : Y —>■ X. Then 
the dimension of Y is e + 1. Let Y c be a compactihcation of Yf . Then 
Y c admits a simplicial scheme Y. projective and smooth over F g and 
an augmentation Y. — > Y c which is a proper hypercovering of Y c (see 
jdJ96L §1]). This induces a spectral sequence 

(9) E{’ j := H j (Yi, 1/tl) => H i+j (Y c , Z/ffl) 

by [ Co03i (6.3), Thm. 7.9] (see also [De74a] ). Let B' be the multiset 
consisting of all the Fiy-eigenvalues on LP(Y), Qf) for all (i,j) € Z> 0 
satisfying i + j — 2(e + 1) — (1 + w). Since Y) is smooth projective 
for all i, the multiset B' is mixed of weight < 2(e + 1) — (1 + w) and 
is independent of ( |De74bllDe80] . Since there are only hnitcly many 
such (i,j), the Fiy-eigenvalues on 

H 2 (e+ 1 )-( 1 +t«)(yc, z ^ Z ) = . H^ e +P-P+™)(Y fq ,Z/£Z) 

belong to the reduction (modulo m^) of B' for £ 0 by |Ga83j and 

the biregular spectral sequence ((9]) . Since Y is smooth, the reduction 
(modulo up) of the multiset (mixed of weight > 1 + w) 

B" := {g e+ V _1 : P G B'} 

contains all the Fr g -eigenvalues on H 1+w (Yf , Z/£Z) for f > 0 by 
Poincare duality. Since the spectral sequence 

E? ■= H\X fql Rif*Z/a) => H i+ i(Y fq ,Z/£Z) 

degenerates on page 2 (as X is an affine curve), E\’ w = H ] (Xf , J^) is a 
sub-quotient of H 1+w (Yf q , Z/£Z). Thus, the eigenvalues on H 1 (Xf q , J^) 
belong to the reduction of B" for l 0. Then we conclude that the 
multiset (mixed of weight < 1 — w) 

(10) B := {q/3- 1 : P G B"} 

after reduction contains all the eigenvalues on Hf(X f , «^ v ) for £ 0 

by X smooth and Poincare duality again. 
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Step III. By the Lefschetz trace formula on the lisse sheaf and 
the locally constant sheaf J^ v on X$ |Mi80l VI Thm. 13.4], we obtain 

(11) 

2 

V Tr(FrJ : ff"(U,Q ( ) v ) = ^(-l)Tr(FrJ : H' c (X iq , &?))■, 
xex(v qk ) i =0 

2 

V Tr(FrJ : Z/«) V ) = ^(-l)Tr(Fr, 1 ■ K Af,, ■??)) 

X€X(¥ qk ) i= 0 

for all feN. Since Y s is smooth projective, the Frobenius action on 
H w (Y Sl Z/£ Z) v factors through H w (Y s ,Q e ) v for £ 0 |IGa83lj . Hence, 

the reduction of the first local sum is equal to the second local sum for 
£ 0. Since H ° = 0 by X affine, we obtain 

(12) 

2 _ 2 

£(-l)‘TV(FVj : HUX,,*?)) = ^(-l)'Tr(FrJ : _#/)) 

i =1 2=1 

for £ 0 by reduction. Denote the reductions of A © and B (HDD by 

A and B respectively and the following: 

• {«i,..., a r } C A the multiset of the Fr^-eigenvalues on H%(X F , <#/); 

• {/?!,..., (3 S } C B the multiset of the Fr g -eigenvalues on H x c [Xf q , J^ v ); 

• (a!,..., a t } C A the multiset of reduction of the Fr g -eigenvalues 
on Hl(X fq ,&?)- 

• {bi,...,b u } the multiset of reduction of the Fr^-eigenvalues on 

Note that r, t < |H|, s < \B\, and the number u is independent of £ 
|Ka83 j. It follows from dT2|) that the above eigenvalues (in F|) satisfy 

(13) ^ + • • • + a\ + /9* + • • • + P k s = a\ + • • • + a k r + b} + • • • + b k u 

for all k e N. If £ > |H| + max{|.E>|, n}, then by Lemma [2721 the two 
multisets coincide: 

(14) (ai, ...,a t ,P i, • ■ •, /9. s } = {«i,..., a r , bi, ...,b u }. 

Since A is pure of weight 2 — w and B is mixed of weight < 1 — w (Step 
II), A fl B = 0 for £ 0 which implies t > r by (fill) . Together with 

0,©, and ©, we obtain 

„ -nf(Xs) 7rf(X© ) 

(15) dim F( , V e q = dim Q< V f q 
for all sufficiently large £. 
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Step IV. Since f : Y —> X is smooth projective, the natural mor¬ 
phism 

m terms 

yH := Y x x Y Xx • • • x x Y —> X 
is still smooth projective with the fiber 

m 

( 16 ) (l' Im| ) i , = II y » 

inducing the representations Wg := H mw ((Y^) So , Qe) arid Wg := H mw ((Y^)x 0 , h/ih) 
of 7rf(X). For all sufficiently large £, we have 

(17) dim F/ w e l( V = diniQ, W/ V 

by (H5]). Since the representation Vf m Jresp. Vj, 0m ) is a direct sum¬ 
mand of the representation Wg (resp. Wg) by (TT6l) and the Kiinneth 
isomorphism, we obtain by ffTTl) that 

(18) dim F< (y® m y t{x ^ ] = dim Q , (j 

holds for all sufficiently large l. This proves Theorem [2] when X is a 
curve. 

Step V. For general smooth geometrically connected A", it suffices to 
prove Theorem[2]for quasi-projective A" (see (JH]) ). If C C A" (containing 
(Co) is a smooth geometrically connected curve over F (; , then 

*1 : <(CO ->■ GUVg) 

factors through db for all t. Denote by A| eo and H| co respectively the 
geometric monodromy group and the algebraic geometric monodromy 
group of db- Choose f'o such that the dimension of Gf® 0 is the largest. 

By [ Ka99i. Cor. 7, Thm. 8], there exists a space filling curve C C X 
(smooth, geometrically connected, containing x 0 , over ¥ q ) satisfying 

(19) Hf o eo = Gf o eo . 

Since the system {db} is pure of weight w and is semisimple on the geo¬ 
metric etale fundamental group irf (Cf ) (Dcligne), the identity com¬ 
ponent (H^ co )° (semisimple) is isomorphic to the derived group of the 
identity component of the algebraic monodromy group of the semisim¬ 
plification of db for all i by ([3]). This implies (H| eo )° x C is independent 
of l by applying [ Ch04, Thm. 1.4] to the semisimplification of the sys¬ 
tem {db}. In particular, the dimension of Hf eo is independent of l. 

Since we have 

dim Hf 50 = dim = dim G®® 0 > dim Gf 30 

and the groups Hf eo C G® co (by db factors through db) have the same 
number of connected components (by (1191) and [ ILP95 . Prop. 2.2(iii)]) 
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for all £, we obtain H| eo = Gf eo for all £. Since (a) Af eo (resp. Tf 30 ) is 
Zariski dense in H® eo (resp. Gf 30 ) and (b) dq factors through <f>^, we 
obtain 

< dim F< ( V ® m ) ] @ 

= dim^(f/® m ) H rWd = dim^(f/® m ) G ? eo Wd ® di 

for i 0. We are done by (j4j) . □ 

Lemma 2.2. Suppose ai ,..., a m , bi, ...,b n G F| satisfying max{m, n} < 
£ and 

(20) a\ +-h a k m = b\ + ■ ■ ■ + b k n 

for all 1 < k < ma x{m,n}. Then the two multisets {ai, and 

{bi,...,b n } coincide. 

Proof. First assume m = n. Let X\, ...,x m be indeterminate variables. 
Denote the elementary symmetric polynomials in xi ,..., x m by ei,..., e m 
and x\ + • • • + x^ by jy. The Newton’s identities imply 

e u ..., e m G Z[^-](pi, ...,p m ). 
ml 

Hence, ek(a>i, ...,a m ) = ek(bi,..., b m ) for all 1 < k < m by (l20j) and 
m < £. We conclude that {oq, ...,a m } = {&i, ...,b m } by constructing a 
degree m polynomial in ¥f\t] whose roots are exactly ai,...,a m (resp. 

bij • • •, bjjij. 

Suppose m > n. Let b n+ 1 , ...,b m be all zeros. Then some a* is zero 
by the above case, which contradicts cp G F|. □ 

Corollary 2.3. For any m gN, if £ is sufficiently large, then 

dim F< , (Sym m Vf) 7r ^ (Xf 9 ) = dim Q£ (Sym m V r < ) ,r! * (x »« ) ; 

dim F£ (Alt m W) 7ri = dimQ i (Alt m V^) 7ri 

Proof. Since the left hand side is always greater than or equal to the 
right hand side of the equation and the representations V® m and V® m 
contain respectively Sym m V) and Syrn m V) (resp. Alt rn V) and Alt m V^) 
as direct summands, the corollary follows from Theorem [2l □ 

3. Maximality 

If Xt is a connected finite etale cover of A F? , then nf [Xt ) is a 
finite index subgroup of Trf(Xf ). Since X~ —>• Xf q is always defined 
over some finite extension F q > of F g (e.g., X^ t —$■ X? ,) which does not 
affect the geometric monodromy and the restriction of a semisimple 
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representation to a normal subgroup is still semisimple, it suffices to 
prove Theorem [3] by considering the base change 

Y xx X' qi -A 

of / : Y —> X by a connected finite Galois etale cover / —* A F —* 
A". Hence, we assume from now on that the algebraic geometric mon- 
odromy group Gf eo is connected for all I by taking a connected finite 
etale cover of A [LP95 . Prop. 2.2(h)], Let n be the common dimension 
of Vf for all 7, which is also the common dimension of Ve for I 0. 

Theorem 3. If (j>e is semisimple for all sufficiently large t, then Con¬ 
jecture [7] holds. 

Proof. Step I. For any subgroup f of GL n (F^), denote by f + the (nor¬ 
mal) subgroup of f that is generated by f [F], the subset of order I 
elements of f. By taking some connected finite Galois etale cover of 
X, we may assume ff eo = (ff e °) + (CT15t Prop. 3.2, Thm. 1.1], ff eo 
is semisimple on V (, and Gf eo is connected for all sufficiently large I. 
Since n = dim F( , V) for I 0, there exists an exponentially generated 
subgroup of GLy^ such that rf eo = S^(F^) + for all i 0 by Nori 
[No87l Thm. B], The Nori subgroup is connected and an extension 
of semisimple by unipotent. Since rf eo is semisimple on Vi for I 0, 
is connected semisimple for I 0. Let S^ c —> be the universal 

covering of S^. The representation 

S T xF ( AS f xF^ GL^ xf< 

can be lifted to a representation of some simply-connected Chevalley 
scheme over Z for all l^> 0 |Se86j (see |EHK121 Thm. 27]), 

(21) —X GLy z . 

Step II. We would like to study the invariants of on V® m ® F^. 
Let us recall the construction of S^. Define exp(x) and log(x) by 

£-i i £-1 _ y 

(22) exp (a:) = 77 and lo S( x ) = 

Z—0 i=l 

For all sufficiently large 7, is the Zariski closure in GL^ = GL^ of 
the subgroup generated by the one-parameter subgroup 

(23) Z ha x t := exp (t ■ log(a;)) 

for all x G Ff eo [7] (the order i elements) |No87j . When I > n, x 
is unipotent and log(a:) is nilpotent by (122 ]) . Identify Ve <g) F^ with 
F”, then every entry of the matrix x* G GL n (F7t|) is a polynomial 
of degree less than n 2 by (122]) and (1231) . Similarly, the action of x t 
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on V® m 0F £ can be identified with an element of GL n m (F ( [f]) whose 
entries are polynomials of degree less than n 2 m. Consider an invariant 
v G then the equation in F t [t] nm below 

x t ■ V = V 

has at least £ distinct roots t — 0,1, ...,£ — 1 because id,x, ...,x l ~ l G 
ff°. This implies x t ■ v = v when £ > n 2 m. Hence, we obtain v G 
(V® m <g) when i > n 2 m by the construction of . Since f® co = 
(f| eo ) + [CT15j is a subgroup of for l » 0, we obtain 

dim^F®™)^*^ = dim f< (y® m 0 F,)^ 
for £ 0. It follows that 

dim = dim ff ((© n C £ )® m 0 W e ) St 

for £ 0. By Corollary 12.31 and embedding into C, we conclude for 

£ 0 that 

(24) dim c (Syrn m (® n I4) 0 C) G ? e ° = dim^(Sym m (ffi n t^) 0 F*) s *. 

Step III. Denote the base change of (|2Tj) to C by p^c '■ H^c —>■ GLy c . 
For fixed m G N, we obtain by Step I and (1241) that for £ 0, 

(25) dime(Sym m (® n V^) 0 C) G ? e ° = dim c (Sym m (© n H c )) H ^. 

Since there are finitely many connected semisimple subgroup of GL n c 
(up to isomorphism), (l25l) holds for all m G N when £ is sufficiently 
large. Identify Vg. 0 C with Vc- Then the (Noetherian) graded rings 

R = C[© n Hc] Gf ° and R'= C[ffi n H c ] H ^ c 

have the same Hilbert polynomial , hence the same Krull dimension for 
£ S> 0. Since dim Kru u R = n 2 — dim Gf co and dim Kru u R' = n 2 — 
dim p^ : c(H/x) (for example [LP90. §0]), we conclude by the lifting (l2Tj) 
that for all £ 0, 

(26) dim GjP° = dim S^. 

Step IV. Suppose £ > 5. For any compact subgroup Y C GL„(Q^) 
(resp. f C GL n (F^)), we defined the £-dimension dirrq T (resp. dirrq f) 
in |HL141 §2] satisfying the following properties: 

(i) dirrq is additive on short exact sequences; 

(ii) dirrq vanishes for pro-solvable groups and finite simple groups that 
are not of Lie type in characteristic l\ 

(iii) if F is a finite simple group of Lie type in characteristic £, then 
there exists some connected adjoint semisimple group S/F^ such 
that f is isomorphic to the derived group of S(F^) and we define 
dirrq f := dim S. 
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We obtain for £ 0 that 


(27) dim/. Tf eo = dirrp S/;(F/) + = dirrp S^(F^) = dim = dim G® co 

by Step I, |No87l 3.6(v)], [ HL14; Prop. 3(iii)], and (|26l) respectively 
for each equality. Recall the universal covering 7r : G^ c —>■ G| eo . 
Since (a) the kernel and cokernel of 7r _1 (r]T 0 ) — >■ T| co are abelian and 
(b) the kernel of Tf 50 -» T® 60 is pro-solvable (via the reduction map 
GL(if*(y* 0 ,Z*)) —» GL (Vi) for £ 0), we obtain by the properties of 

chirp that for £ 0, 

(28) dim^ 7T _1 (r| eo ) = dirrp Y'f J> — clirrp f| eo ^3^ dim G| eo =: g. 

Step V. Let A £ be a maximal compact subgroup of G^ C (Q/) that 
contains 7T _1 (r| co ). By |Ti791. 3.2], A £ is the stabilizer G^ c (Q^) a; of a 
vertex x in the Bruhat-Tits building of G| c /Q^. There exists a smooth 
affine group scheme Q over Z £ and an isomorphism 1 from the generic 
fiber of Q to G^ c such that t(G{Z £ )) = G]f ((Qk) 21 |Ti79l 3.4.1], As G/ c is 
simply-connected semisimple, the special fiber Gw e is connected [Ti79l 
3.5.2], The maximal compact subgroup A £ is hyperspecial if and only if 
Gv t is reductive |Ti79l 3.8.1], in which case it has the same root datum 
as the generic fiber ISGA31 XXII, 2.8]. Since (c) the kernel of the 
reduction map r : G(7n) —$■ Q(¥ £ ) is pro-solvable and (d) G is smooth 
over Z £ , we obtain by the properties of dirrp that for £ 0, 

(29) dinp r(7r _1 (r® eo )) = chirp 7T _1 (rf eo ) 3P g = dim G/ C = dim Gp f ■ 


Since the special fiber Gw e is connected, Gw e is semisimple for £ 0 

by (j29]) and (HL141 Thm. 4(iv)]. It follows from above that A £ is 
hyperspecial and Gw e is simply-connected semisimple for £ 0. For 

any connected algebraic group G of dimension g defined over W £ , the 
order of G(F^) satisfies 

(30) (£~l) 9 < |G(F/)| < {£+l) 9 


by |No87l Lem 3.5]. Hence, there exists a constant c(g) > 1 depending 
only on g such that for £ 0, 


(31) 


c(s) 


subqp _ 

< M<r-'(rr))l < lff(F<)| < (< + i)‘ 


where the first inequality follows by considering (l29j) . ([30]) . the prop¬ 
erties of dim/; in Step IV, and the orders of finite simple groups of Lie 
type in characteristic £ [St67 . §9] (e.g., |PSL fc (£)| = __L_£ fc ( fc - 1 )/ 2 (£ 2 _ 

1)(£ 3 — 1) • • • (£ k — 1)). Since g := dim G'f° < n 2 for all £, the index 
[G(¥ £ ) : r(7T _1 (r® co ))] < C(n) (a constant depending only on n) for 
£ 0. Since Gw e is simply-connected semisimple, G{¥ £ ) is generated 
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by the subset of order £ elements Q{¥t)[£] when £ 0 (see the proof of 

|HL141 Thm. 4]). Since Q{ F^)[£] belongs to r(7r _1 (T^ eo )) for £ C(n), 

the equality r(7r _1 (Tf eo )) = holds for £ C[n). Therefore, 

the subgroup 7r _1 (T| eo ) C Q(TLf) surjects onto Q( F^) under the reduc¬ 
tion map r for £ 0. By the main theorem of jVa()3l . this implies 

7T -1 (rf eo ) = Q(Zt) = A? for £ 0, which is hyperspecial maximal 

compact in Gf co (Q£). □ 

Corollary 3.1. For all sufficiently large £, the identity component of 
the algebraic geometric monodromy group Gf eo is unramified over Q^. 

Proof. Since a connected reductive group G/Q^ is unramified if and 
only if G(Q^) contains a hyperspecial maximal compact subgroup [Mi921 
§1], Gf is unramified for £ 0 by Theorem [3j Since 7r : G s fi -» 

(Gf 30 ) 0 is surjective, the identity component (Gf 30 ) 0 is unramified for 

£» 0 . ' □ 

Remark 3.2. Assuming dy is semisimple for all £, then G° t x C C 
GLy e xC is independent of £ by {Ch04j and |Ka99j (see Step V of The¬ 
orem . Up. Corollary \3fJ\ is a necessary condition for the existence of a 
common Q-form of { G^ C GL^}^. 

4. Semisimplicity 

In this section, we give two examples of {d^} such that the hypothesis 
of Theorem [3] holds. It suffices to show by the lemma below that the 
restriction of fit to a normal subgroup of nf(Xf q ) (i.e., by taking a 
connected Galois etale cover of X ) is semisimple for £ 0. 

Lemma 4.1. |HL15bl Lemma 3.6] Let F be a field, G a finite group, 
F[ a normal subgroup of G such that \G : H] is non-zero in F, and V 
a finite dimensional F-representation of G. Then V is semisimple if 
and only if its restriction to H is so. 

Example 1. Suppose the fibers of / : Y —> X are curves or abelian 
varieties. Then the hypothesis of Theorem [3] holds. 

Proof. Step I. When X is a curve, fit is factored through by a Galois 
representation of K(X), the function held of X. When the fibers of 
/ are abelian varieties, the conclusion follows directly from the Tate 
conjecture of abelian varieties over function fields |Za74al lZa.74bj (see 
also |FW841 Ch. VI§3],[LP95j Thm. 3.1 (iii)]). When the fibers are 
curves, the conclusion follows from above and the fact that a smooth 
curve and its Jacobian variety have isomorphic H 1 representations. 
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Step II. For general X , we may first assume G^ co is connected for 
all £ by taking a connected Galois etale cover |LP95L Prop. 2.2(i)]. By 
|Ka99 ] and [;Ch04 | (see Step V of Theorem [2]), there exists a smooth 
geometrically connected curve C of X such that the algebraic geometric 
monodromy group associated to Y x x C —> C is also equal to Gf eo for 
all i. Denote the images of irf (Cg ) and 7rf (Xf ) in respectively GL(Vg) 
and GL(V^) by 

Af° C Tf° C GL(G); 

Af° C ff° C GL(VQ). 

We may assume f f eo is generated by its order £ elements for £ 0 

by |CT15j . Since 7r _1 (Af eo ) C 7r _1 (rf eo ) are compact subgroups of 
G| C (Q^) and 7r _1 (Af co ) is hyperspecial maximal compact in G)P(Q^) 
for £ 0 by Step 1 and Theorem [3], we have 7r _1 (Af eo ) = 7r _1 (T® eo ) for 

£ 0. Hence, the index [T® eo : A| eo ] is bounded by some constant C 

(depending on n = dim Vf) for £ 0. It follows that [f® co : A® eo ] < C 

for £ 0 via the reduction map GL(if*(l^ 0 , Z^)) —* GL(V^). This 

implies that the order £ elements of T| eo belong to Af eo when £ ^> C. 
Since T| eo is generated by its order £ elements and A^ is semisimple on 
Vi for £ 0, T| eo is semisimple on V( for £ 0. □ 

Example 2. Identify T| eo as a subgroup of GL(LP(Y^ 0 , Z#)) = GL n (Z^) 
for £ 0. Suppose there exists a connected semisimple subgroup 

G C GL n) Q such that (G® eo )° = GxQ { in GL,^ and 

Tf° n (Gf°)° C G(Z e ) C GL n (Z<) 

for £ 0. Then the hypothesis of Theorem [3] holds. 

Proof. Step I. By taking a connected Galois etale cover, we may as¬ 
sume Gf eo is connected for all £ |LP951 Prop. 2.2(i)] and ff eo = (rf eo ) + 
for £ 0 ICTI-Vl . The closed subgroup G C GL n) Q can be extended 

to a closed subgroup scheme G z ^j_] C GL n ^j_^ smooth over Z[-^-] for 
some sufficiently divisible integer N. Let G^ C GL n F< be the base 
change to for £ 0. Since rf eo C Gp f for £ 0, we obtain 

(32) 

_ _ Lem. 12.11 _ _ _ _ - eeo 

dim^(kf m ®Q £ ) G < dim^(H® m ®F £ ) G ^ < dim^(Hf m ®F^) r < 

for £ 0. Since diniQ ( ,(V^ 8im ) 7ri = dimQ < ,(Vj,® m <g) Qo) G as rf eo is 

Zariski dense in G, we obtain 

(33) dim ff ( V® m <g> F,) Gf * = dim f , (V® m <g> F*) r f ° 

for £ 0 by (j32|) and Theorem [2l Since G^ is connected semisimple for 
£ 0, the natural representation ii : Gf<, —> GL(V^®F f ) is semisimple 
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for £ 0 |La95bj . Hence, it suffices to prove that for all £ 0, the 

restriction of any irreducible Wg -subrepresentation Wf t of ig to T)p 0 is 
still irreducible as T® co C Gp r 

Step II. Suppose Wf is a direct summand of ig. Then for any 
m G N, we have 

(34) ) G '< = dim r ,(W f ®’") r ?° 

when £ is sufficiently large by (|33j) . Suppose f| eo is not irreducible on 
Wf . Then there exists a k -dimensional subrepresentation Uf of T| eo 
and k < dim Wf ( < n holds. By (134|) and (the proof of) Corollary 12.31 

(35) dim^Alt^J^ = dim f ,(Alt*W f J f T° 

holds when £ 0. Since f® eo C for £ 0, 

(36) (Alt fe WfJ GF * = (Alt fc Wf 

holds when £ 0. Since T® eo is generated by its order £ elements for 

£ 0, h\i k Uf l is one-dimensional and belongs to (Alt fe Wf ) r * when 

£ » 0 by construction. Thus, Alt k Uf e C (Alt fe WfJ Gl > by (1361) which 
is impossible. Indeed, let {iq,..., ua,} be a basis of Uf t and Zf ( /0a 
complement of Uf e in Wf . Since Gf £ is irreducible on Wf £ , there exists 
x G Gf £ (F^) that does not preserve Uf.. Then we have the following 
equations 

X ■ Vi — Ui + Z\ 

x ■ v 2 = u 2 + z 2 


x • v k u k T 

where the notation is defined so that rq G Uf and z t G Zf £ for 1 < 
i < k. We may assume {z\, ..., Zh} is a non-empty maximal linearly 
independent subset of {zi ,..., z k }. If Mt k Uf e C (Alt fc WfJ GF «, then 

(37) x • (ui A • • • A v k ) = (ui + Zi) A • • • A (u k + z k ) G Alt fc f/f r 
Since Z\ ^ 0, we obtain k > 1 by (l37lh Since we have the decomposition 

(38) Alt fc (f/f f © Z fe ) = 0 Alt l U fe © Mt j Zf ( , 

i-\-j=k 

we have Z\ A • • • A z k = 0 by (J37J), which is the same as h < k. We 
may assume z k + i, •••, z k are all equal to zero by the fact that {^i,..., Zh} 
is a maximal linearly independent subset of {zi,...,z k } and replacing 
{V!, ...,v h ,v h+ i,...,v k } with a suitable basis {iq,..., v h , v' h+1 , ..., v' k }. It 
follows that {zi, ..., z^ Uh- |-i,..., u k } is linearly independent because x is 
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invertible. Therefore, Uh+i A • • • A Uk A z\ A • • • A Zy is non-zero, which 
is absurd by Zy + \ — ■ ■ ■ — Zy — 0, f[37|l . and (l38j) . This implies that 
ff° cannot have a fc-dimensional subrepresentation of Wf when i is 
sufficiently large. Since there are finitely many k less than dim Wf < n, 
we conclude that Tf co is irreducible on Wf and thus semisimple on 
Vi ® if £ is sufficiently large. □ 
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